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1 Lecture One (May 3, 1995)

Intuitionistic propositional logic

The next definition reviews the system of intuitionistic propositional logic in terms
of the sequent calculus.

Definition 1.1 Sequent System (Gentzen [1935]) The relation + is induc-
tively defined as follows:

1. assumptions

(a) T,8F 5.
2. conjunction
'kFa TFpB
F'FaAp.
| e ol Lk~
¢ LaAnpgrEy and LaAnp .
3. disjunction
Ik a reg
*Travs ™ Trava
Fak~y T,8F~
Favphka.
4. implication
. Fakg
'Fa—g.
'Fa T,8F~
Na—pgF~.
5. falsity
. r+_1
'k a.

Heyting algebras

The logical rules determine a notion of algebraic structure that models the logic,
in the following way:

1. the consequence relation F 1s mirrored by a partial ordering C, since axioms
provide reflexivity, the possibility of merging proofs provides transitivity, and
the fact that if two formulas are each derivable from the other then they are
equivalent provides antysimmetry;



. conjunction A is mirrored by the g.l.b. operation M, since the second group

of rules tells that conjunction is a lower bound, and the first rule tells that
it 1s the least one;

disjunction V is mirrored by the l.u.b. operation U, similarly;

implication — is mirrored by an operation = that behaves on the right of C
as M behaves on the left, because the two rules of implication, together with
the rules for conjunction, imply that

(@A B)Fy iff ok (B —7);

falsity L is mirrored by the least element 0, since the rule tells that it implies
any formula.

theorems are mirrored by the greatest element 1, since they are implied by
any formula, being provable from no premise.

All the algebraic concepts needed to model intuitionistic propositional logic are
thus standard, except perhaps the one relative to implication. This is captured by
the following notion: given two functions f and g on a set partially ordered by C,
g is called a right adjoint of f if, for every x and y,

f(z) Ty iff 2 Cg(y).

It is easy to prove that if f has a right adjoint, this is unique. Thus the following
definition is not ambiguous.

Definition 1.2 A Heyting algebra is a structure

A=(AC,NU=,0T1)

such that

1.

C is a partial ordering

. M is the ¢.l.b. operation associated to C

. U is the Lu.b. operation associated to C

2
3
/.
5
6

= s the right adjoint of 1 w.r.t. C
0 s the least element of A w.r.t. C

1 is the greatest element of A w.r.t. C.

Explicitly, the adjointness condition for = means that

(aNz)Cy iff aC (z=y),

and examples of Heyting algebras are the following:



e Boolean algebras

Let # = y be TU y, where T is the complement of z.

¢ linear orderings

Let 2 = y be 1 if 2 C y, and to y otherwise.

¢ open sets of topologies

Let # = y be (FU y)°, where T is the complement of 2z, and z° the interior
of z.

¢ complete and M| |-distributive lattices

Let 2 =y be | [{z: (2 Mz) C y}.
Conversely, in any Heyting algebra M preserves all existing l.u.b.’s: in particular,
any Heyting algebra is distributive, and a complete lattice is a Heyting algebra if
and only if it is M| |-distributive.
Finite Heyting algebras

For a topological characterization of finite Heyting algebras, it is convenient to
introduce the notion of co-point. On the one hand, this is a strengthening of the
notion of atom for Boolean algebras (i.e. of an element different from 0 and with
no elements between it and 0), which does not play any significant role for Heyting
algebras.! On the other hand, this is a paradigm for further generalizations that
will play a fundamental role in the following (see 1.7 and 1.10).

Definition 1.3 An element a # 0 of a lattice is a co-point if, for every x and y,
aCzlUy = (aC2)V (a Cy).
The set of co-points of a lattice A is indicated by Cpt(A).
The following examples should clarify the notion of co-point:

e in a linear ordering, every element # 0 is a co-point;

e in a finite lattice, an element # 0 is a co-point if and only if it has only one
immediate predecessor;

e in a distributive lattice, an element # 0 is a co-point if and only if it is
Ll-irreducible, i.e.

a=rly = (a==2)V(a=y);

LA Heyting algebra can be atomic (i.e. all elements different from 0 bound an atom) in a
trivial way. For example, in a linear ordering there can be at most one atom, and when there is,
all elements different from 0 bound the same atom: thus the atoms below the elements do not
distinguish them.



e in a power set, an element is a co-point if and only if it is a singleton, 1.e. of

the form {z}.

Definition 1.4 A lattice A has enough co-points if, for every x and y in A,

v #y = cp(x) # eply),

where
ep(z) = {a:a co-point A a C x}.

In other words, if x # y then there is a co-point below one of x and y but not the
other.

Equivalently, a lattice has enough co-points if every element is the l.u.b. of the
co-points below it. Moreover, the following have enough co-points:

e every finite distributive lattice;
e every linear ordering;
e every power set.

We are not directly interested in complete lattices with enough co-points, since
they are not automatically Heyting algebras (by the dual of 1.12 they are, up to
isomorphism, exactly the algebras of closed sets of topologies).

Co-points however are a useful tool in the next proof, which provides a paradigm
for the proofs of some crucial later results (1.9 and 1.12). On its turn, the proof is
an extension of an analogous proof for Boolean algebras (with Heyting algebras,
topologies and co-points replaced by, respectively, Boolean algebras, power sets
and atoms).

Theorem 1.5 Topological Characterization of Finite Heyting Algebras.
The finite Heyting algebras are, up to isomorphism, exactly the algebras of open
sets of finite topologies (i.e. of topologies with finitely many open sets).

Proof. To show sufficiency, it is enough to note that the algebra of open sets of
a topology is a Heyting algebra (see p. 4).

To show necessity, let A be any finite Heyting algebra, and consider the function
ep from A to P(Cpt(A)) defined as follows:

ep(z) = {a: a co-point A a C z}.

Also, consider on Cpt(A) the topology generated by ep(A).
Then cp is automatically a isomorphism of Heyting algebras, for the following
reasons:

o cp(0)=10
By definition, for any co-point a one has a # 0, and so a Z 0.



cp(1) = Cpt(A)

By definition, for any element @ one has a C 1.

x Cy if and only if ep(z) C ep(y)

If # C y and @ C 2 then a C y, i.e. ep(x) C ep(y).

Conversely, if ep(z) C ep(y) then all co-points below 2 are below y, but z is
their l.u.b., and so z C y.

ep(z My) = ep(x) Nep(y)
For any element a,

by definition of 1.

ep(z U y) = ep(x) Uep(y)
For any co-point a,

aC(zUy) <= (aCz)V (a Cy).

Indeed, the right-to-left implication holds by definition of LI, for any element
a. For the left-to-right implication, let a be a co-point and a C = U y; then
a C x or a C y by definition of co-point.

cp(x = y) = (ep(x) = cp(y))
This is automatic from the previous properties of c¢p and the definition of
topology on Cpt(A4). More explicity, we want to show for any co-point a:

aC (z=y) < ac(cp(z)Ucp(y))’,
le. -
afleCy <= ac€ (ep(z)Uep(y))’.
By the properties of e¢p already proved,
allzCy < cp
<~ c¢p

“— cp
“— cp

the last equivalence because cp(a) is open.

(ep(z) Uep(y))°.
Conversely, if a € (c ( YU ep(y))° then, by the definition of topology on
Cpt(A), there is z such that a € ep(z) C ep(x) Uep(y). Then a C z and

ep(a) Cep(z), ie. ep(a) C (ep(z) Uep(y))°.

Since a € ep(a), this implies a €




e if A has enough co-points then cp is one-one
This is just a restatement of the definition of having enough co-points.

Notice that, as noted on p. 4, the hypothesis that A has enough co-points is
indeed satisfied if A is finite.

e if A is finite then cp is onto
The proofs given above actually show that cp preserves finite g.1.b.’s and
lu.b.’s. Thus ep(A) is always closed under finite intersections and unions,
since
ep(z) N -Nep(ey) = ep(zr M-+ May,)
and
ep(z) U -Uep(ey) = epley U -Uzy),

and finite g.1.b.’s and lL.u.b.’s exist in a Heyting algebra. Since A is finite
so is ¢p(A), and thus ep(A) is actually closed under arbitrary intersections
and unions; thus the topology generated by ¢p(A) on the power set of the
co-points of A is ep(A) itself, and ¢p is obviously onto it. O

If A is a Heyting algebra with enough co-points, the set Cpt(A) of co-points of
A and its topology generated by ep(A) are respectively called the Stone space of
A and the Stone topology associated to it.

The main property of co-points, namely

eifaCxUythenalrxoraly

says that the principal filter generated by a is prime.
If one replaces the function

ep(z) = {a: a co-point A a C z}
by the function
f(z) = {F : Fis a prime filter containing «}

in the proof of 1.5, one still gets a homomorphism of Heyting algebras by the same
proof. Moreover, the proof of the condition

if A has enough co-points then ¢p is one-one

shows that
if A has enough prime filters then f is one-one.

By noting that the hypothesis follows from the so-called Heyting Prime Filter
Theorem (saying that, on a Heyting algebra, if # [Z y then there is a prime filter
containing # but not y), one gets a proof of the following result.

Theorem 1.6 Stone Representation Theorem for Heyting Algebras (Sto-
ne [1937], McKinsey and Tarski [1946]) Any Heyting algebra is isomorphic
to a subalgebra of an algebra of open sets of a topology.



This result i1s thus a generalization of the one-one embedding part of 1.5 to
arbitrary Heyting algebras (not necessarily with enough co-points). More precisely:
on the one hand, the role of co-points is taken by prime filters; on the other hand,
the condition that there are enough co-points becomes the condition that there
are enough prime filters, and is always satisfied (by the Heyting Prime Filter
Theorem).

Thus one extends the notions of Stone space and Stone topology to arbi-
trary Heyting algebras (not necessarily with enough co-points), by considering the
set F% of prime filters of A and its topology generated by f(A).

Topologies closed under arbitrary intersection

The proof of 1.5 shows that the collection ep(A) of subsets of Cpt(A) (the set of
co-points of A) is closed under finite unions and intersections: all ep(A4) lacks to
be a topology, is closure under arbitrary unions. When A is finite this closure is
automatic, since there are only finitely many subsets of Cpt(A) anyway. When
A is infinite things are more complicated, but ep(A4) would still be closed under
arbitrary unions (by the same proof) if arbitrary | | existed on the one hand, and
were preserved by cp on the other.

The first condition is easy to achieve, by requiring A to be complete. For the
second condition, one looks at the proof that ep preserves finite L, and notices
that it used the notion of co-point, i.e. U-irreducibility; to achieve the second
condition, one thus has to consider an infinitary version of the notion of co-point,
i.e. | J-irreducibility.

Definition 1.7 An element a # 0 of a lattice is a strong co-point if, for every
subset X,

a EI_IX — (Gz € X)(a C 2).
The set of strong co-points of a lattice A is indicated by Scpt (A).
The following examples, similar to those on p. 4, should clarify the notion:

e in a linear ordering, an element # 0 is a strong co-point if and only if it has
an immediate predecessor;

e in a finite lattice, an element # 0 is a strong co-point if and only if it has
only one immediate predecessor;

e in a M| J-distributive lattice, an element # 0 is a strong co-point if and only
if it is | |-irreducible, i.e.

a:I_IX — (Fz e X)(a=2);

e in a power set, an element is a strong co-point if and only if it is a singleton,
i.e. of the form {z}.



Definition 1.8 A laitice A has enough strong co-points if, for cvery x and y
m A,
r#y = scp(x) # sep(y),

where
sep(z) = {a : a strong co-point A a C z}.

In other words, if x # y then there is a strong co-point below one of x and y but
not the other.

Equivalently, a lattice has enough strong co-points if every element is the l.u.b.
of the strong co-points below it. Moreover, the following have enough strong co-
points:

e every finite distributive lattice;
e every well-ordering;
e every power set.

The next result is an analogue of 1.5.

Theorem 1.9 Topological Characterization of Complete Heyting Alge-
bras with Enough Strong Co-points (Biichi [1952], Raney [1952]) The
complete Heyting algebras with enough strong co-points are, up to isomorphism,
exactly the algebras of open sets of topologies closed under arbitrary intersections.

Proof. To show sufficiency, first note that the open sets of a topology Q(X) on
a set X are always closed under arbitrary unions, and if they are closed under
arbitrary intersections then they form a complete Heyting algebra w.r.t. the set-
theoretic operations | J and (). Tt remains to prove the following two facts:

e a topology closed under arbitrary intersections always has strong co-points
For any element x € X, consider

({z}), = smallest open set containing z,

which exists because the open sets are closed under arbitrary intersections
(and thus one can take the intersection of all open sets containing ). Sup-
pose ({x}), € Ujes Ai, with A; open: since x € ({z}),, at least one of the
A;’s must contain z. Since A; is then an open set containing x, then by
definition ({#}), C A;, because ({x}), is the smallest open set containing z.

e a topology closed under arbitrary intersections always has enough strong co-
points
Suppose A and B are distinct open sets: there must be an element z in one
of them but not in the other, e.g. # € B — A. Then ({z}), € A because
z ¢ A and ({z}), C B because # € B and B is open. So ({z}), is a strong
co-point below one of A and B but not the other.



To show necessity, let A be any complete Heyting algebra with enough strong
co-points, and consider the function sep from A to P(Scpt(A)) defined as follows:

sep(z) = {a : a strong co-point A a C z}.

Also, as in the proof of 1.5, consider on Scpt(A) the topology generated by sep(A).
Asin 1.5, scp is automatically a homomorphism of Heyting algebras. Moreover:

e if A has enough strong co-points then scp is one-one
This is just a restatement of the definition of having enough strong co-points.

e if A is complete then scp is onto

The proof of 1.5 shows that scp preserves arbitrary g.l.b.’s and finite l.u.b.’s.
Since we are using the notion of strong co-point instead of the notion of co-
point, sep also preserves arbitrary L.u.b.’s. If A is complete, then arbitrary
g.l.b.’s and l.u.b.’s exist, and thus scp(A) is closed under arbitrary unions
and intersections. Thus the topology generated by sep(A) on the power
set of the strong co-points of A is sep(A) itself, it is closed under arbitrary
intersections, and sep is obviously onto it. O

Notice that the proof shows in particular that a complete lattice with enough

strong co-points is a Heyting algebra, since no use of = is made in the proof of
the isomorphism.

Arbitrary topologies

The next notion is dual to 1.3.

Definition 1.10 An element a # 1 of a lattice is a point if, for every x and y,
ad(xNy) = (eJx)V(ady).

The set of points of a lattice A is indicated by Pt(A).

The following examples, similar to those on p. 4 and 8, should clarify the
notion:

e in a linear ordering, every element # 1 is a point;

e in a finite lattice, an element # 1 is a point if and only if it has only one
immediate successor;

e in a distributive lattice, an element # 1 is a point if and only if it is M-
irreducible, i.e.

a=(xNy) = (a=2xz)V(ea=y);

e in a power set, an element is a point if and only if it is the complement of a
singleton, i.e. of the form {z}.

10



Definition 1.11 A lattice A has enough points if, for every x and y in A,

v #y = plx) #py),

where
p(x) ={a:a point A a D x}.

In other words, if x # y then there is a point above one of x and y but not the
other.

Equivalently, a lattice has enough points if every element is the g.l.b. of the
points above it. Moreover, the following have enough strong points:

e every finite distributive lattice;
e every linear ordering;
e every power set.

By the Stone Representation Theorem 1.6, every Heyting algebra is isomorphic
to a subalgebra of a topological algebra. This leaves open the question, answered
in the next result, of which Heyting algebras are actually isomorphic to the full
topological algebra.

From a complementary perspective, every topological algebra is a Heyting al-
gebra. This leaves open the question, also answered in the next result, of which
algebraic properties of Heyting algebras are characteristic of the topological alge-
bras.

The proof of the next result is dual to those of 1.5 and 1.9.

Theorem 1.12 Algebraic Characterization of Topologies (Papert [1959])
The complete Heyting algebras with enough points are, up to isomorphism, exactly
the algebras of open sets of topologies.

Proof. To show sufficiency, first note that the open sets of a topology 2(X) on a
set X are closed under arbitrary unions, and hence they form a complete Heyting
algebra.? It remains to prove the following two facts:

e a topology always has points
For any element x € X, consider

—\© J—
({x}) = interior of {z} = greatest open set not containing x,

which exists because the open sets are closed under arbitrary unions (and
thus one can take the union of all open sets not containing ). Suppose

?Notice that, while the open sets of a topology are closed under arbitrary unions and finite
intersections (and hence |_| and M are the usual set theoretical union and intersection), they are
not in general closed under arbitrary intersections (and thus the g.l.b. is only the largest open
set contained in the set theoretical intersection, i.e. the latter’s interior).

11



[
({x}) D AN B, with A and B open: at least one of A and B must not
contain #, otherwise 2 would be in the intersection too. Suppose e.g. & A:
N\ © —\©
then by definition A C ({x}) , since ({x}) is the greatest open set not

containing .

e a topology always has enough points
Suppose A and B are distinct open sets: there must be an element z in one

— \©
of them but not in the other, e.g. # € B — A. Then ({x}) D A because

N\ © —\©
z & A and A is open, and ({x}) 2 B because z € B. So ({x}) is a point
above one of A and B but not the other.

To show necessity, let A be any complete Heyting algebra with enough points,
and consider the function p from A to P(Pt(A)) defined as follows:

p(z) = {a:a point A adx}.

Also, as in the proof of 1.5, consider on Pt(A) the topology generated by p(A).
Then p is automatically a isomorphism of Heyting algebras, for the following
reasons:

o p(0) =1

By definition, for any element a one has a 1 0.

o p(1) = Pt(4)
By definition, for any point a one has @ # 1, and so a 2 1.

e x Cy ifand only if p(x) C p(y)
If # Cy and @ 2 z then a A y, i.e. p(z) C p(y).
Conversely, if p(z) C p(y) then all points not above # are not above y, i.e.
all points above y are above z, but y is their g.1.b., so = C y.

* p(zMy) = p(x) N p(y)
For any point a,

ad(zNy) < (aJdz)V(a Jy).

Indeed, the right-to-left implication holds by definition of M, for any element
a. For the left-to-right implication, let a be a point and a 3 z My; then
a J x or a J y by definition of point.

By taking negations,

ad(zNy) <= (aDz)A(aDy).

12



* p(zUy) = p(x) Up(y)
For any element a,

ad(zUy) < (aJz)A(aJy)

by definition of LI
By taking negations,

ad(zUy) <= (aDz)V(a Dy).

e p(r = y) = (p(z) = p(y))
This is automatic from the previous properties of p and the definition of
topology on Pt(A), as in the proof of 1.5.

e if A has enough points then p is one-one
This is just a restatement of the definition of having enough points.

e if A is complete then p is onto
The proofs given above actually show that p preserves finite g.l.b.’s and
arbitrary L.u.b.’s. Thus p(A) is always closed under finite intersections, since

plz1) N Npley) =pler M- May)

and finite g.1.b.’s exist in a Heyting algebra. Similarly, p(A) is closed under
arbitrary unions when arbitrary l.u.b.’s exist on A, i.e. when A i1s a complete
Heyting algebra. Thus if A is complete then the topology generated by p(A)
on the power set of the points of A is p(A) itself, and p is obviously onto it.
O

Notice that the proof shows in particular that a complete lattice with enough
points is a Heyting algebra, since no use of = is made in the proof of the isomor-
phism.

If A is a Heyting algebra with enough points, the set Pt(A) of points of A and
its topology generated by p(A) are respectively called the dual Stone space of
A and the dual Stone topology (or hull-kernel topology) associated to it.?

The reason for the word ‘dual’ comes from the fact that we have there switched
from the filters used in the previous proof of the Stone representation theorem 1.6
to ideals.* Indeed, the main property of points, namely

8 A topology is homeomorphic to the dual Stone topology of a complete Heyting algebra with
enough points if and only if:

1. the open sets ({1’}) ® are the only points

2. if z # y then (m)o 7 (m)o'

Such topologies are called sober.
4This also accounts for the slight backwardness of the definition of p, since a subset of a lattice
is a prime filter if and only if its complement is a prime ideal (see also note 5 on p. 16), and thus

13



eifaJdJxMythenadxoraly

says that the principal ideal generated by a is prime.
If one replaces the function

p(x) = {a:apoint A a Az}
by the function
i(z) = {I : T is a prime ideal not containing x}

in the proof of 1.12, one still gets a homomorphism of Heyting algebras by the
same proof. Moreover, the proof of the condition

if A has enough points then p i1s one-one

shows that
if A has enough prime ideals then ¢ is one-one.

By noting that the hypothesis follows from the so-called Heyting Prime Ideal
Theorem (saying that, on a Heyting algebra, if # [Z y then there is a prime ideal
containing y but not z), one gets a dual proof of 1.6.

Thus one extends the notions of dual Stone space and dual Stone topology
to arbitrary Heyting algebras (not necessarily with enough points), by considering
the set Z% of prime ideals of A and its topology generated by 7(A).

While for the sake of the Stone Representation Theorem both filters and ideals
eventually produce the same result, one should notice that filters are more natural
from the point of view of logic, since they correspond to sets of formulas closed
under conjunction and deduction, while ¢deals are more natural from the point of
view of topology, since a topology may have no co-point at all (as the case of IR
shows), while it always has enough points (see 1.12).

prime filters containing  correspond to prime ideals not containing z.
Indeed, if one defined
p(z) ={a :a point A o J z}
then one would have

plzNy) =p(z)Up(y) and pzUy) =p(r)Np(y),

and thus p would preserve neither of M and U.

14



2 Lecture Two (May 4, 1995)

Arbitrary Heyting algebras

In the previous subsection we focused on topologies, and characterized them from
the point of view of Heyting algebras. In the present subsection we focus on arbi-
trary Heyting algebras, and characterize them from the point of view of topology.

For the characterization of arbitrary Heyting algebras in topological terms, the
following notion turns out to be crucial.

Definition 2.1 A subset X of a topological space is compact if, whenever it is
covered by an union of open sets, it is already covered by a finite subunion.

Stone topologies are actually generated by their compact open sets, as we now
show.

Theorem 2.2 Topological Characterization of Heyting Algebras (Stone
[1937a]) Any Heyting algebra is isomorphic to the algebra of compact open sets
of its Stone topology.

Proof. The first proof of 1.6 shows that if 7% is the set of all prime filters on A,
then the function f: A — P(FY) defined as:

f(z) = the set of all prime filters containing x

is a one-one homomorphism of Heyting algebras.
Tt thus only remains to characterize f(A) as the set of compact open sets.

e every compact open set Is in f(A)
Let X be a compact open set. Since X is open and f(A) generates the Stone
topology, there is a subset B of A such that

X = fla).

a€EB

Since X is compact, there is a finite subset {ay,...,a,} of B such that
X = fla)U---U fan).

Then
X = flagU---Uay)

because f preserves L, and thus X € f(A).

o every element of f(A) is compact open
We first prove by contradiction that f(1), i.e. the whole space F7%, is compact.

Suppose
f = fla)

a€EB

15



but, for every finite subset {ay,...,a,} of B,

fF() # fla) U+ U flan).
Then
f() # flar - Uay)

because f preserves LI, and
1#4aU---Uay

by one-onenness of f.

We want to find a prime filter F' containing no a € B, contradicting the fact

that
Fh=r11) = fa),

a€EB
i.e. that every prime filter contains some a for a € B.

To find F' it is enough to find a prime ideal I containing every a € B, and
then let F' be its complement (since, on any lattice, T is a prime ideal if and
only if its complement is a prime filter®). Consider then the ideal generated
by B (which consists of the downward closure of the set of all finite joins of
elements of B): such an ideal is proper because, as noted above, all finite
joins of elements of B are # 1.

Then the set of all proper ideals containing B is non empty and partially
ordered by inclusion, and every non empty chain has a l.u.b. (which is just the
union of the chain). By Zorn’s Lemma there is a maximal ideal I containing
B, and such an ideal is prime.

The proof that f(z) is compact is a variation of the one just given for f(1).
Indeed, suppose

f) < | fla)

a€EB

but, for every finite subset {ay,...,a,} of B,

f(@) & fla)U---U flan).

5To show, for example, that if I is a prime ideal then T is a filter (which is what is needed
above):

— ifxETandey theny € T
Suppose y € I: by downward closure of I, z € 1.

— ifz,y€T thensnyel
Suppose x My € I: by primalityof I,z € I ory € I.

— ifruyelthenzeTloryel
Suppose z,y € I: by closure under U of I, z Uy € 1.

16



Then
fe) € flaru---Uay)

because f preserves LI, and

rZaU---Uay
because f preserves C, in particular

14 aU--Uay,.

As above, there is a prime filter F' containing # but no element of B (since
the ideal generated by B does not contain ), contradiction. O

Corollary 2.3 (Stone [1937]) Given an arbitrary Heyting algebra, its (dual)
Stone space is compact, and its (dual) Stone topology is generated by the compact
open sets.

Proof. The proof of 2.2 proves the assertion for the Stone space F§ = f(1) of a
Heyting algebra A. A dual proof works for the dual Stone space. 0O

Algebraic Heyting algebras

In the present subsection we introduce abstract versions of the notion of com-
pactness, and of the property of (dual) Stone topologies of being generated by (a
Heyting algebra of) compact open sets.

Definition 2.4 (Birkhoff and Frink [1948], Nachbin [1949]) Given a com-
plete lattice A, an element a is called compact if, for every subset X,

aC |_|X — (Ju C X, u finite)(a C |_|u)
The set of compact elements of a lattice A is indicated by K(A).

The following examples should clarify the notion:

o if the M| |-distributive law holds, then a is compact if and only if, whenever
a =| ] X, there is a finite subset u of X such that ¢ = | |u;

e an element of a complete lattice is a strong co-point if and only if it 1s a
compact co-point;

e in a finite lattice, every element is compact;

e in a linear ordering an element is compact if and only if it is 0 or it has an
immediate predecessor;

e in a power set an element is compact if and only if it 1s finite.
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Definition 2.5 A lattice A has enough compacts if, for every x and y in A,

rFty = k(x) £ k(y),

where
k(z) = {a:a compact A a C x}.

In other words, if # # y then there is a compact below one of x and y but not the
other.
A lattice A is called algebraic if it is complete and has enough compacts.

Equivalently, a lattice has enough compacts if every element is the l.u.b. of the
compacts below it. Moreover, the following are algebraic:

e every finite lattice;

e a complete linear ordering in which any two distinct elements are separated
by a gap, i.e. by two elements with nothing in between,;

e every power set.

It follows that not every algebraic lattice is distributive, and in particular not
every algebraic lattice 1s a Heyting algebra. On the other hand, lack of distributiv-
ity is the only obstruction, since a distributive algebraic lattice is a Heyting algebra
(by 2.12, an algebraic lattice is continuous; and as noticed after 2.14, a distributive
continuous lattice is a Heyting algebra).

Theorem 2.6 Topological Characterization of Algebraic Heyting Alge-
bras (Hofmann and Keimel [1972]) The algebraic Heyting algebras are, up
to isomorphism, exactly the algebras of open sets of topologies generated by their
compact open sets.

Proof. Sufficiency is immediate by definition 2.4, since the algebraic notion of
compactness 1s patterned on the topological one.

To show necessity we use the fact, proved in 2.12 and 2.14, that an algebraic
Heyting algebra A has enough points. By 1.12 it is then isomorphic to the algebra
of open sets of the form

p(z) = {a:a point A adx}.

It is thus enough to notice that such a topology is generated by the compact open
sets. Since the topology is generated by p(A), it is enough to show that every
element of p(A) is the union of the compact open sets contained in it. Since
every element of A is the l.u.b. of the compact elements below it, and p preserves
arbitrary l.u.b.’s; it is enough to prove that the image of a compact element is
compact.
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Let thus a be compact on A, and p(a) C |, x p(z). Then p(a) C p([ | X) be-
cause p preserves arbitrary l.u.b.’s; and then ¢ C | | X because p is an isomorphism.
But a is compact, so a C | | u for some finite u C X, and then

p(a) Cp(|_|u) = [ p(x),

i.e. p(a) is compact. O

Continuous Heyting algebras

Strong co-points and compact elements can be considered as approximations to
elements, generating the lattice when there are enough of them. We now relativize
compactness and introduce a further notion of approximation, which turns out to
be the most appropriate for applications.

Definition 2.7 (Scott [1972]) An element a of a lattice is way below another
element x (a K ®) if a is in any ideal I such that x C||TI.

The following examples should clarify the notion:
e an element a of a complete lattice is compact if and only if @ < a;

e in a M| |-distributive lattice, @ <« x if and only if a is in any ideal I such
that © = | | T;

e in a finite lattice, a < z if and only if a C x, and » < x for every z;

e in a linear ordering, a < z if and only if a C z or ¢ = 2 < z, and z < x if
and only if # = 0 or # has an immediate predecessor;

e in a power set, a < x if and only if a is a finite subset of x, and » < x if
and only if x is finite.

The following property of <, especially the third, will be crucial in the proof
of 2.14.

Proposition 2.8 < is stronger than C, transitive and dense.

Proof. To show that < is stronger than C, it is enough to notice that {a : a C 2}
is an ideal with l.u.b. z.

To show that < is transitive, let @ < b < ¢ and ¢ E | |7. Then b € I because
b < ¢; thus a € I because a C b (since a < b), and T is an ideal.

We now turn to the proof that < is dense. Given a < b, consider the set

IT={z: Fyx<<y<gb}.

Tt is enough to show that I is an ideal such that b6 C | |I: then a € I, because
a & b; and a < y < b for some y, by definition of I.
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e [ is downward closed
Suppose z C x and ¢ € I. Then z « y < b for some y, by definition of I;
and z < y because z C z < y, by definition of <. Thus z € y < b, and
z el

e [ is closed under L
Suppose 21 € y1 < b and 22 € ya < b. Since {z : z < b} is an ideal (being
an intersection of ideals), y1 Uys < b. Since {z : z <« y1 Uya} is an ideal,
1 Uxs Ky Uys. Thus 2y Urs K yp Uys < b, and x1 Uxs € 1.

e b | |7
Since I is an ideal of elements < b, | |7 € b. Suppose | | C b: since the
elements way below b have l.u.b. b, there is y < b such that y Z | | I; since
the elements way below y have l.u.b. y, there is # < y such that « Z | |I.
Thus 2 € y < b,i.e. . € I, and # £ | | ], contradiction. O

Definition 2.9 A lattice is continuous if it is complete and, for all z,

x:|_|{a:a<<x}.

Thus a lattice is continuous if every element has enough way below it. More-
over, the following are continuous:

e every finite lattice;
e every complete linear ordering;
e every power set.

It follows that not every continuous lattice 1s distributive, and in particular
not every continuous lattice is a Heyting algebra. On the other hand, lack of
distributivity is the only obstruction, since a distributive continuous lattice is a
Heyting algebra (as noticed after the proof of 2.14, a distributive continuous lattice
has enough points; and as noticed after the proof of 1.12, a complete lattice with
enough points is a Heyting algebra).

A spectrum of Heyting algebras

Having now introduced all notions of Heyting algebras we wanted to, it is time to
pause for a moment to look at their mutual relationships. We first prove a series
of results, showing inclusions.

Proposition 2.10 Every finite Heyting algebra has enough strong co-points.

Proof. We want to show that every non-zero element of a finite Heyting algebra is
the l.u.b. of the strong co-points below it. In a finite lattice | | and U coincide, and
hence so do strong co-points and co-points; if in addition the lattice is distributive,
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then they both coincide with the L-irreducible elements. And in a finite lattice
every non-zero element is obviously the l.u.b. of the U-irreducible elements below
it. O

Proposition 2.11 Every complete Heyting algebra with enough strong co-points
15 algebraic.

Proof. A complete Heyting algebra with enough strong co-points is algebraic
because a strong co-point is compact: then if every element is the l.u.b. of the
strong co-points below it, it is also the l.u.b. of the compact elements below it.
O

Proposition 2.12 Every algebraic Heyting algebra is continuous.

Proof. If a is a compact element such that a C x then a < a C x, and hence
a < x: then if every element is the l.u.b. of the compact elements below it (i.e. if
the lattice is algebraic), it is also the L.u.b. of the elements way below it (i.e. the
lattice is continuous). O

Before proving the last result in the series of inclusion, namely that every
continuous Heyting algebra has enough points, we prove the following weaker
version.

Proposition 2.13 Papert [1959]) Fvery complete Heyting algebra with enough
strong co-points has enough points.

Proof. Let x [Z y. Since the strong co-points below z have l.u.b. z, there is a
strong co-point @ such that a C = and a [Z y. We consider the set

F={z:aC 2z},
and notice the following properties:

e [is a filter. In particular, F' is closed under upward and under .

F' contains only elements above a. In particular y ¢ F'.

e No element of F is above . This follows from the fact that F is upward
closed.

e Every maximal element in 7 is M-irreducible, and hence a point. This follows
from the fact that F' is closed under M.

e If X is contained in F, then | | X is alsoin F. Otherwise a C | | X, and since
a is a strong co-point there is € X such that a C z, i.e. X N F # {.
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Let now C be any maximal chain in I’ containing y, which exists by Zorn’s
Lemma. Then | |C is also in F'. Since C'is maximal, | |C is a maximal element of

F, and hence a point above y (by the choice of ('), but not above in z (because it
isin F). O

We now generalize the previous proof to continuous Heyting algebras.

Proposition 2.14 (Papert [1959]) Fvery continuous Heyting algebra has enough
points.

Proof. We refer to the proof of 2.13: to be able to extend its last part, given
x £ y we need to find a filter F' with the properties used there.

Since the elements way below x have l.u.b. z, there is @ < x such that a £ y.
By density of <« (2.8), there is an infinite descending chain

e KLnnLn Lz

We consider the set
F={z:(3n)(z, C 2)},

and notice the following properties:

e F is a filter, being a union of principal filters (generated by the z,’s). In
particular, F' is closed upward and under M.

e [7 contains only elements above a. In particular y € F'.

e No element of F is above z. This follows from the fact that z € F (because
21 € x, and hence 21 C z), since F' is upward closed.

e Every maximal element in 7 is M-irreducible, and hence a point. This follows
from the fact that F' is closed under M.

e If [ is an ideal contained in F, then | | I is also in F.% Otherwise | | is in
F, and there is some n such that x, C | |T; since 2,41 < &y, Tp41 must be
below some element of I, which is impossible because I is contained in F,
and F'1s upward closed.

Let now C be any maximal chain in I’ containing y, which exists by Zorn’s
Lemma. The downward closure of C' is an ideal I contained in F, and thus L7 is
also in F. Since C'is maximal, | | T is a maximal element of F, and hence a point
above y (by the choice of ), but not above in z (because it isin F). O

Notice that the proof shows in particular that a distributive continuous lattice
has enough points, since no use of = was made in it. On the other hand, distribu-
tivity (which was used when claiming that a M-irreducibile element is a point) is

6This property of F (of being inaccessible by l.u.b.’s of ideals in F) is characteristic of open
sets in the Scott topology.
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essential, since the previous result implies, together with 1.12, that every distribu-
tive continuous lattice 1s a Heyting algebra, while not every continuous lattice is
such (see the examples on p. 20).

We now turn to a series of result showing that the inclusions just proved are
proper. We choose the counterexamples among the most natural mathematical
structures and topologies, to show that the present spectrum of Heyting algebras
allows to distinguish among them from a purely algebraic point of view.

Proposition 2.15 The algebra P(w) of all sets of natural numbers is an infinite
complete Heyting algebra with enough strong co-points.

Proof. Every singleton is a strong co-point, and every set is the union of the
singletons contained in it. 0O

Proposition 2.16 The algebra of open sets of the Cantor space 2% is an algebraic
Heyting algebra without (strong) co-points.

Proof. Recall that the Cantor space is the set of all 0,1-valued functions on w,
with the topology generated by the sets {f : f D o} of functions having a common
fixed initial segment o.

The algebra of open sets of the Cantor space is algebraic because such sets are
compact (by Konig’s Lemma), and generate the topology by definition. And there
18 no co-point because each such set is the union of different open sets, since each
function having initial segment ¢ must have as next value either 0 or 1:

(f:f2a)={f:fD2ox0}U{fDos1}. O

Proposition 2.17 The algebra of open sets of the euclidean space IR is a contin-
wous Heyting algebra which is not algebraic.

Proof. First of all, it is not algebraic because the only compact open set is .
Secondly, we prove that if V' is an open set and U is an open interval whose
closure ¢l(U) is contained in V, then U <« V: continuity then follows from the
fact that the open intervals generate the topology (more specifically, that every
open set is a union of open intervals).
Suppose V' C oy Ai, where T = {A;};¢r is an ideal of open sets. Then

UcdUycvel A,
i€l

Since ¢l(U) is a closed interval, it is compact: then there are iy, ..., 4, such that
U C CZ(U) - Ail U~~~UAZ'n.

But A;, U---UA; € T by closure under finite U, and then U € Z by downward
closure of Z. 0O

23



Proposition 2.18 The algebra of open sets of the Baire space w* is a complete
Heyting algebra with enough points which is not continuous.

Proof. Recall that the Baire space is the set of all functions on w, with the
topology generated by the sets {f : f D o} of functions having a common fixed
initial segment o.

First of all, the algebra of open sets of the Baire space has enough points
because so does every topology, by the proof of 1.12. Actually, in the present case
one can show that, for any function f, the set m s a point: it is open because
it is the union of the basic open sets defined by initial segments o differing from
f on at least one point; and it is a point because ifm D AN B then at least one
of A and B does not contain f, and it is thus contained in m Moreover, there
are enough such points because if A and B are distinct open sets then there is a
function f in one but not in the other, say f € A— B: then the point m contains
B but not A.

Secondly, to prove that such an algebra is not continuous it is enough to show
that if A and B are open sets such that A < B, then A = ). Suppose A # §: it is
enough to show that it is possible to decompose the whole space w* into infinitely
many disjoint open sets, each containing at least an element of A. If I is the ideal
generated by such open sets, then B C |JI: since A < B, A should be in T, and
hence be contained in a finite union of such open sets, contradiction.

If A # ) then it contains a basic open set, defined by an initial segment o. On
the one hand, the complement of such open set is open (because it is the union
of the basic open sets defined by initial segments incompatible with ¢). On the
other hand, such open set i1s the disjoint union of infinitely many basic open sets
(the ones defined by one element extensions of ¢). The needed decomposition of
the whole space is easily obtained from these open sets. O

Proposition 2.19 The algebra P*(w) of all sets of natural numbers modulo finite
sets 1s a complete Heyting algebra without points.

Proof. There is no point because each equivalence class except the greatest one
contains coinfinite sets, and if A is coinfinite then it is the intersection of two
coinfinite sets Ay and A, differing coinfinitely from A (e.g. A; = AU B;, where By

and Bs are infinite disjoint sets such that By U Bs = A). O

Locally quasi-compact topologies

We now conclude our treatment by characterizing the continuous Heyting algebras
from a topological point of view.

By 2.3 the (dual) Stone topology of an arbitrary Heyting algebra is generated
by compact open sets (since each f(x) is compact). We now look at the dual Stone
topology of a continuous Heyting algebra (as an algebra with enough points), and
show that it 1s generated by the interiors of compact open sets, in the following
sense.
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Definition 2.20 A topological space is called locally quasi-compact if, for any
element x and any open set V such that x € V, there are a compact set Cp and
an open set O, such that

A topological space is called locally compact if it is locally quasi-compact and
Ts.

A typical example of a locally (quasi-)compact, but not compact space is given
by IR with the usual topology.

Proposition 2.21 (Day and Kelly [1970]) FEvery algebra of open sets of a
locally quasi-compact topology is a continuous Heyting algebra.

Proof. We generalize the fact, proved in 2.17, that the algebra of open sets of R
is continuous.

Given an open set V', for any # € V we consider the compact set C, and
the open set O, provided by the definition of local quasi-compactness. Since
V= UxEV O,, to prove that the algebra of open sets is continuous it is enough to
show that O, <« V: then each open set is the l.u.b. of open sets way below it.

Suppose V' C ;¢ Ai, where T = {A; };¢r is an ideal of open sets. Then

0, CC,CVC| A
i€l
By definition, from any family of open sets whose union covers a compact set, one
can extract a finite subfamily with the same property. Then, by compactness of

Cy,
0, CC, CA;,U---UA;,

for some ¢1,...,4,. But A;, U---UA; €& T by closure under finite U, and then
O, € T by downward closure of Z. O

We turn now to the other half of the result.

Proposition 2.22 (Hofmann and Lawson [1978]) A continuous Heyting al-
gebra is isomorphic to the algebra of open sets of a locally quasi-compact topology.

Proof. By 2.14 a continuous Heyting algebra has enough points, and by 1.12 it
is isomorphic to the algebra of open sets of the form

p(z) = {a:a point A adx}.

It is thus enough to show that such a topology is locally quasi-compact, i.e. that
for any element y and any open set p(x) such that y € p(x), there are a compact
set Cy and an open set Oy such that

yEOy gcy gp(l‘)

Since y € p(x), y is a point such that  Z y. Asin the proof of 2.14, there is a < x
such that a [Z y, and one can find a filter F' with the following properties:
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e [ contains only elements 1 a.
e No element of F is above x.
e If I is an ideal contained in F, then | |7 is also in F.

Since y is a point and y A a, y € p(a): but p(a) is open, so we can let O, = p(a).
Moreover, p(a) is a set of points not above a, and hence in F' and not above z: if
we let Cy be the set of points in F', we then automatically have

yEOy gcy gp(l‘)

It only remains to show that C, is compact, and we prove this by contrapositive.
First we notice that the downward closure of C coincides with F. Indeed, if
an element is below a point in F then it cannot be in F, because F is upward
closed (being a filter), and hence its complement is downward closed. Conversely,
any element of F is bounded by a point in F, by the proof of 2.14.
Given now a subset B of A suppose that, for any finite subset {a1,...,a,} of
B

Cy Zplar)U---Uplapn).

Since p preserves L,

Cy ZplaaU---Uay).
This means that there is a point in F above a; U- - -Uay,. Since F is the dovaiward
closure of Cy, this means that the ideal I generated by B is contained in F: by
the properties of F then | |7 isin F, and hence so is | | B. Again because F' is the
downward closure of Cy, this means that | | B is bounded by an element in Cy, i.e.
by a point in F': then

Cy & P(I_I B).

Since p preserves | |,

Cy ¢ U p(a). O

a€EB

We can now put the two halves together.

Theorem 2.23 Topological Characterization of Continuous Heyting Al-
gebras (Day and Kelly [1970], Hofmann and Lawson [1978]) The contin-
uous Heyting algebras are, up to tsomorphism, exactly the algebras of open sets of
locally quasi-compact topologies.

Proof. By 2.21 and 2.22. O

By describing topologies with reference only to their open sets, and not to
the points of their underlying spaces, 1.12 allows one to see the theory of Heyt-
ing algebras as a kind of pointless topology, in which topological properties can
be described in a purely algebraic way. 2.23 provides a paradigm in this direc-
tion, capturing the topological property of local quasi-compactness in terms of the
algebraic property of continuity.
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Conclusion

We summarize the series of results proved in the two lectures in the following table.

| Heyting algebras | topologies | typical examples |
finite finite
enough strong co-points closed under intersection Pw)
algebraic generated by compact opens 2¢ (Cantor space)
continuous locally quasi-compact IR (Euclidean space)
enough points arbitrary w* (Baire space)
arbitrary P*(w)
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